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Magnetic and kinetic energy in ideal incompressible MHD are not global invariants and, therefore,
it had been justified to discuss only the cascade of their sum, total energy. We provide a physi-
cal argument based on scale-locality of the cascade, along with compelling evidence that at high
Reynolds numbers, magnetic and kinetic energy budgets statistically decouple beyond a transitional
“conversion” range. This arises because magnetic field-line stretching is a large-scale process which
vanishes on average at intermediate and small scales within the inertial-inductive range, thereby
allowing each of mean kinetic and magnetic energy to cascade conservatively and at an equal rate.
One consequence is that the turbulent magnetic Prandtl number is unity over the “decoupled range”
of scales.
Magnetohydrodynamic (MHD) turbulence is of
fundamental importance to many fields of science,
including astrophysics, solar physics, space weather,
and nuclear fusion. The Reynolds numbers of such
flows are typically very large, giving rise to plasma
fluctuations with power-law spectra over a vast
range of scales where both viscosity and resistiv-
ity are negligible. We call such a range “inertial-
inductive” since ideal dynamics dominate. There
are several competing theories for the spectrum of
strong MHD turbulence over the inertial-inductive
range [1–5], all of which assume scale-locality of the
energy cascade, which has been shown to hold [6].
In a scale-local cascade, energy transfer across
scale ` is predominantly due to scales within a mod-
erate multiple of ` [7]. This gives rise to an inertial-
inductive scale range over which the flow evolves
without direct communication with the largest or
smallest scales in the system.
In MHD turbulence, only the sum of magnetic and
kinetic energy (KE and ME, respectively), i.e. total
energy, is a global invariant of the inviscid unforced
dynamics. Therefore, it has been justified to discuss
only the cascade of total energy, but not of KE or
ME separately, which are coupled by magnetic field-
line stretching. In principle, the process of magnetic
field-line stretching can operate at all scales, giving
rise to various phenomena such as Alfve´n waves.
We shall show here that magnetic field-line
stretching is a large-scale process, which operates
over a “conversion range” of scales of limited extent
and vanishes on average at intermediate and small
scales in the inertial-inductive range [8]. Over the
ensuing part of the inertial-inductive range, mean
KE and ME cascade conservatively and at an equal
rate to smaller scales despite not being separate in-
variants.
Our findings are important in subgrid scale mod-
eling of systems such as accretion disks, whose evolu-
tion is controlled by magnetic flux through the disk
[9–11]. The strength of the magnetic field is de-
termined by a balance between (i) turbulent advec-
tion (or turbulent viscosity) which accretes the field
radially inward, and (ii) turbulent resistivity which
diffuses it outward [12–15]. Other applications are
outlined in the conclusion.
We start from the incompressible MHD equations
with a constant density ρ:
∂tu+ (u·∇)u = −∇p+ J×B+ ν∇2u+ f , (1)
∂tB = ∇× (u×B) + η∇2B. (2)
Here u is the velocity, and B is the magnetic field
normalized by
√
4piρ to have Alfve´n (velocity) units.
Both fields are solenoidal: ∇·u = ∇·B = 0. The
pressure is p, J = ∇×B is (normalized) current
density, f is external forcing, ν is viscosity, and η is
resistivity.
In a statistically steady state, the space-averaged
KE and ME budgets are, respectively,
〈SijBiBj〉 = inj − ν〈|∇u|2〉, (3)
〈SijBiBj〉 = η〈|∇B|2〉, (4)
where 〈...〉 is a spatial average, Sij = (∂jui+∂iuj)/2
is the strain rate tensor, and inj = 〈f ·u〉 is kinetic
energy injection rate. It is clear from eqs. (3)-
(4) that mean KE-to-ME conversion due to mag-
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netic field-line stretching is positive and bounded:
0 ≤ 〈B·S·B〉 ≤ inj. The bound holds in the pres-
ence of an arbitrarily strong uniform magnetic field
B0, indicating significant cancellations. This can be
understood by considering that in a turbulent flow,
the strain S, being a derivative, is dominated by the
small-scales, whereas B is dominated by the large-
scales, near the magnetic spectrum’s peak, leading
to decorrelation effects.
To analyze how magnetic field-line stretching op-
erates at different length-scales, we utilize a coarse-
graining approach for diagnosing multi-scale dynam-
ics [7, 16]. A coarse-grained field which contains
modes at length-scales > ` is defined by f `(x) =∫
drG`(r − x)f(r), where G`(r) ≡ `−3G(r/`) is a
normalized kernel with its main weight in a ball
of diameter `. Coarse-grained MHD equations can
then be written to describe u` and B`, along with
corresponding budgets for the quadratic invariants
at scales ≥ `, for arbitrary ` in contrast to the
mean field approach [17, 18] (see [16] and references
therein). Hereafter, we drop subscript ` when possi-
ble.
KE and ME density balance at scales > ` are,
∂t(
|u|2
2
) +∇·[· · · ]
= −Πu` − SijBiBj − ν|∇u|2 + f ·u, (5)
∂t(|B|2) +∇·[· · · ]
= −Πb` + SijBiBj − η|∇B|2, (6)
where ∇·[· · · ] represents spatial transport terms.
Dissipation terms, ν|∇u|2 and η|∇B|2, are math-
ematically guaranteed to be negligible [16, 19] at
scales `  (`ν , `η), with `ν and `η the viscous and
resistive length scales, respectively.
The first term on the RHS of eq.(5), Π
u
` , ap-
pears as a sink in the KE budget of large scales
> ` and as a source in the KE budget of small
scales < ` [16]. It quantifies the KE transfer across
scale `, and is defined as Π
u
` ≡ −Sijτ ij , where
τ ij = τ`(ui, uj) + τ`(Bi, Bj) is the sum of both the
Reynolds and the Maxwell stress generated by scales
< ` acting against the large-scale strain, Sij . Sub-
scale stress is defined as τ`(f, g) = (fg)` − f `g` for
any two fields f and g. Similarly, Π
b
` ≡ −J`·ε` in eq.
(6) quantifies the ME transfer across scale `, where
ε` ≡ u×B−u×B is (minus) the electric field gener-
ated by scales < ` acting on the large-scale current,
J =∇×B, resulting in a “turbulent Ohmic dissipa-
tion” to the small scales.
Term B`·S`·B` appears as a sink in eq.(5) and a
source in eq.(6), representing KE expended by the
large-scale flow to bend and stretch large-scale B-
lines. Unlike the cascade terms Π
u
` and Π
b
`, which in-
volve large-scale fields acting against subscale terms
(τ ` and ε`), B`·S`·B` is purely due to large-scale
fields and does not participate in energy transfer
across scale `. A more refined scale-by-scale anal-
ysis in [6] showed how energy lost or gained from
one field (u or B) by line stretching reappeared in
or disappeared from the other field at the same scale.
In a steady state, space-averaging eqs. (5),(6) at
any scale ` in the inertial-inductive range, L `
(`ν , `η), yields
〈Πu` 〉 = inj − Cub(`), (7)
〈Πb`〉 = Cub(`), (8)
where we have dropped the dissipation terms and
assumed that forcing is due to modes at scales ∼
L `, such that f ` = f . Mean conversion, Cub(`) ≡
〈SijBiBj〉, in eqs. (7),(8) quantifies the cumulative
KE-to-ME conversion at all scales > `.
Using scale-locality of the cascade terms, Π
u
` and
Π
b
`, which was proved in [6], we will now argue that
mean magnetic field-line stretching is primarily a
large-scale process which vanishes at intermediate
and small scales within the inertial-inductive range.
Note that the scale-locality discussed in [6, 7] is “dif-
fuse” [20] and states that contributions from dis-
parate scales decay only as a power-law of the scale
ratio.
Define `d as the largest scale at which non-ideal
microphysics becomes significant, `d = max(`ν , `η).
Define the cumulative KE-to-ME conversion at
scales > `d by Cubd ≡ Cub(`d), which is not necessar-
ily equal to the unfiltered 〈B·S·B〉 due to possible
contributions from scales < `d [see discussion shortly
after eq. (10) below].
Define `s as the largest scale at which Cub(`s) =
Cubd . We’ll argue that (i) `s 6= `d and (ii) Cub(`) =
Cubd for all scales `s > ` `d.
First, assume `s = `d. This implies that as func-
tions of `, Cub(`) = 〈Πb`〉 = inj − 〈Π
u
` 〉 depends on
dissipative parameters ν or η. However, 〈Πu` 〉 and
〈Πb`〉 are scale-local in the inertial-inductive range [6]
and are insensitive to the microphysics when ` `d.
Therefore, `s 6= `d. Second, if Cub(`) 6= Cubd over
`s > ` `d, then Cub(`), which we assume is contin-
uous, will have an extremum at a scale `∗ within that
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range [since Cub(`s) = Cub(`d) = Cubd ]. Therefore,
〈Πu` 〉 and 〈Π
b
`〉 will also have extrema, indicating the
existence a special scale `∗ in the inertial-inductive
range, in conflict with scale-invariance of the ideal
MHD dynamics.
Therefore, Cub(`)→ Cubd within a conversion range
L > ` > `s and, over the ensuing range `s > ` `d,
it saturates at Cub(`) = Cubd . Since Cub(`) mea-
sures the cumulative KE-to-ME conversion at all
scales > `, saturation implies a zero contribution
from `s > `  `d. We conclude that mean KE-
to-ME conversion, 〈SijBiBj〉, is a large-scale pro-
cess within the inertial-inductive range, acting over
a conversion range L > ` > `s of limited extent,
i.e. the scale-range does not increase asymptotically
with the Reynolds number. Mean KE and ME bud-
gets decouple in the absence of conversion over the
“decoupled range” of scales, `s > ` `d:
〈Πu` 〉 = inj − Cubd , (9)
〈Πb`〉 = Cubd . (10)
With the RHS of eqs.(9),(10) being independent of
scale `, KE and ME each cascades conservatively
after the mechanism coupling them halts. Scale-
locality suggests that the normalized KE and ME
cascade rates, 〈Πu〉/inj and 〈Πb〉/inj, should have a
universal value of order unity over `s > `  `d, re-
gardless of the forcing, Prm = ν/η, or B0. Note that
scale `s at which the budgets decouple is within the
inertial-inductive range, despite the well-known non-
equipartition of KE and ME spectra in that range
[21–24] (Fig. 8 in SM).
While the above argument suggests that Cub(`)
should become constant at scales smaller than the
conversion range, it only applies within the inertial-
inductive range, L ` `d. It is possible for Cub(`)
to vary again when transitioning to scales . `d. An
example is the viscous-inductive (Batchelor) range,
`ν  ` `η, over which a scale-by-scale analysis in
[6] showed that magnetic field-line stretching can act
as a forcing term in the ME budget, consistent with
our understanding of high Prm flows [25, 26]. The
above argument for saturation of Cub(`) breaks down
at scales . `d, such as in the viscous-inductive range
where scale-locality does not hold due to a smooth
velocity field [6].
Our conclusions are supported by a suite of pseu-
dospectral Direct Numerical Simulations (DNS) up
to 2,0483 in resolution with phase-shift dealiasing,
using hyperdiffusion and other parameters summa-
TABLE I. Each suite of Runs was carried out at different
Reynolds numbers at 2563, 5123, and 1,0243 resolutions.
Run V was also conducted at 2,0483 resolution. Prm = ν/η
is magnetic Prandtl number. Bmaxk =
√
maxk[Eb(k)] is at
the magnetic spectrum’s [Eb(k)] peak. ABC (helical) and
TG (non-helical) forcing were applied at wavenumber kf .
More details are in the supplemental material (SM).
Run Forcing kf Prm |B0|/Bmaxk
I ABC 2 1 0
II ABC 2 1 10
III TG 1 1 0
IV ABC 1 2 0
V ABC 2 1 2
rized in Table I.
Figure 1 shows results from the five flows we con-
sider, at the highest resolution (see SM for lower
resolution runs and evidence of convergence). In all
runs, total energy, being a global invariant, is trans-
ferred conservatively across scales L  `  `d, as
indicated by a scale-independent total energy flux,
〈Π`〉 = 〈Πu` + Π
b
`〉. Both Π
u
` and Π
b
` decay to zero
at scales . `d, when the nonlinearities shut down
in the dissipation range. Mean KE-to-ME conver-
sion, Cub(`), increases from 0 at the largest scales
to ≈ Cubd ≈ inj/2 at an intermediate scale `s within
the inertial-inductive range. Over the ensuing range,
`s > `  `d, Cub(`) is scale-independent, indicat-
ing a negligible contribution to magnetic field-line
stretching at these scales. There is a slight increase
in Cub(`) in the dissipation range, at scales . `d
where our argument is not expected to hold due to
a lack of scale-locality. In all cases, 〈Πb`〉 ≈ Cub(`)
and Π
u
` ≈ inj − Cub(`) over the inertial-inductive
range, consistent with eqs. (7),(8). Beyond the con-
version range, scale-transfer becomes independent of
`, 〈Πu` 〉 ≈ inj−Cubd and 〈Π
b
`〉 ≈ Cubd over `s > ` `d,
consistent with eqs. (9),(10), and indicative of a con-
servative cascade of KE and ME energy, respectively.
In all runs, we observe that the KE and ME cas-
cade rates become equal in magnitude, 〈Πu` 〉 ≈ 〈Π
b
`〉,
over `s > `  `d, with magnetic field-line stretch-
ing channeling ≈ 1/2 of the injected energy to the
magnetic field, regardless of the forcing, Prm, or B0,
consistent with scale-locality.
Among the five cases in Fig. 1, the conversion
range is widest in the presence of |B0|/Bmaxk = 10
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FIG. 1. The first five panels show 〈Π〉 = 〈Πu + Πb〉, 〈Πu〉, 〈Πb〉, and 〈SijBiBj〉 as a function of k ≡ 2pi/` from our highest
resolution Runs (1,0243 for Runs I to IV and 2,0483 for Run V. See SM for lower resolutions). In top-left panel, conversion
(decoupled) range is shaded red (blue). All plots are time-averaged and normalized by inj. The horizontal straight dashed line
is at 0.5. Bottom-right panel shows a log-log plot of relative residual conversion, Rub(k)/Cubd , and a reference black-dashed
line with a −2/3 slope, suggesting that KE-to-ME conversion saturates in a manner consistent with scale-locality [6].
(Run IIc). However, according to our argument,
its extent cannot increase indefinitely with an in-
creasing dynamic range of scales (or Reynolds num-
ber, Re). After all, 〈B·S·B〉 is bounded even in
the |B0| → ∞ limit. Indeed, a plot of the relative
residual conversion Rub(`)/Cubd ≡ 〈B`d ·S`d ·B`d −
B`·S`·B`〉/〈B`d ·S`d ·B`d〉 in Fig. 1 (and Fig. 5 in
SM) decays at least as fast as a power-law as `→ `d,
consistent with what is expected from scale-locality
(we take `d as the scale at which 〈Π`〉 = inj/2).
Moreover, plots of Cub(`) at increasing Re (Fig. 4 in
SM) show a clear convergence to Cubd ≈ inj/2.
The negligible mean KE-to-ME conversion at
small scales within the decoupled range might seem
counterintuitive at first. After all, a hallmark of
MHD turbulence are Alfve´n waves which are fastest
at small scales. The decoupling of ME and KE
budgets poses no contradiction since it is only in
the mean, which allows for decorrelation effects
at small scales similar to those arising in com-
pressible turbulence [27, 28]. Utilizing the simul-
taneous information in both scale and space af-
forded by our coarse-graining approach, we analyze
B`·S`·B`(x) acting on scales > ` and the resid-
ual conversion within the inertial-inductive range,
B`d ·S`d ·B`d(x)−B`·S`·B`(x), as a function of space
x in Fig. 2. For an intermediate scale ` = 2pi/30
from Run IIc (and Run Ic in Fig. 7 of SM), Fig.
2 shows how magnetic field-line stretching, which is
concentrated in magnetic filaments, is an order of
magnitude more intense at scales smaller than ` =
2pi/30 compared to larger scales. Yet, the small-scale
contribution fluctuates vigorously in sign, yielding a
mere 17% (10% in Run Ic in Fig. 7 of SM) to the
space average. To illuminate the role of waves, we
repeat in the SM the analysis above on two exam-
ples of non-colliding Alfve´n waves, a monochromatic
wave and a wavepacket, which are exact solutions of
the MHD equations and which lack energy transfer
between scales.
In conclusion, small-scales of the magnetic field
in the decoupled scale range are maintained, on
average, by turbulent Ohmic dissipation (the ME
cascade), 〈Πb〉 = 〈J·ε〉. Mean magnetic field-line
stretching acts as a large-scale driver of the ME cas-
cade, justifying the inclusion of a low-mode forcing
in the induction eq. (2) when resolving the tran-
sitional conversion range is unimportant, such as
in high-Re asymptotic scaling studies of MHD tur-
bulence [29–31]. Our results will help in deriving
relations equivalent to the Politano-Pouquet rela-
tions [32] but for the separate cascades of KE and
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FIG. 2. For scale ` = 2pi/30 (k = 30) from Run IIc in Figure 1 at one instant in time: top two panels show a 2D slice from the
3D domain of pointwise conversion at large scales, B`·S`·B`(x) (top left), and small scales, B`d ·S`d ·B`d (x)−B`·S`·B`(x)
(top right). B0 is in the z-direction. Bottom two panels show probability density function of conversion as a function of x at
large scales (bottom left) and small scales (bottom right). The large-scale distribution has mean of 0.43 and variance of
223.54. The small-scale distribution has mean of 0.09 and variance of 3060.84. Quantities are normalized by energy injection
rate inj. Unnormalized Gaussians (green dashed lines) are added to both plots.
ME, with potential implications on the scaling in
MHD turbulence. This work can also help sub-grid
scale model development and testing in Large Eddy
Simulations of MHD turbulence [33, 34]. For ex-
ample, they provide a direct measure of the turbu-
lent magnetic Prandtl number, which is unity within
decoupled range due to equipartition of the cas-
cades, 〈Πu` 〉 = 〈Π
b
`〉, which has important implica-
tions to astrophysical flows such as in accretion disks
[12, 14, 15]. Our findings are also relevant for tur-
bulent magnetic reconnection [22, 35, 36] since they
imply that the net bending and twisting of magnetic
field lines at length scales in the decoupled range is
driven by the effective electric field, −ε`, rather than
by the flow’s strain, giving independent support to
previous studies [22, 37]. Our framework for quanti-
fying field-line stretching at various scales may also
prove insightful in future studies of the magnetic dy-
namo [38–41].
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SUPPLEMENTARY MATERIAL
The supplementary material provides simulation
details are not included in the main Letter, and two
examples to illustrate the role of waves.
Numerical Setup
Our numerical simulations of mechanically forced
turbulence are conducted in a periodic box T3 =
[0, 2pi)3 with mesh resolution of N3 grid points using
a pseudospectral code. We use phase-shift dealias-
ing, which allows for ≈ 30% increase in the dy-
namic range of scales compared to 2/3-rd dealiasing
[42]. Time integration uses a second-order Adam-
Bashforth scheme.
We use hyperviscosity and hyperresistivity [43]
commonly used in MHD turbulence studies [44–48]
to reduce the dissipation range extent, thereby al-
lowing for a longer inertial-inductive range of scales.
Since our results pertain to 3rd-order moments in
the form of energy transfer (which are cubic quanti-
ties) appearing in the energy budgets, they are not
affected by hyperdiffusion which has been known
to affect other (than 3rd-order) moments at high-
wavenumbers such as an enhanced “bottle-neck” in
the spectrum [49, 50] and reduced intermittency [51].
Unlike in non-conducting flows, normal viscosity and
Spitzer resistivity in MHD turbulence are them-
selves rudimentary models of transport which do not
faithfully capture the kinetic plasma physics (e.g.
collisionless damping [52]) and more self-consistent
models such as Braginskii’s treatment [53] are often
needed in applications (see also [54, 55]). We use
a Laplacian with an exponent α = 5, thus ν∇2u
and η∇2B in eqs. (1),(2) in the main Letter are re-
placed by −νh(−∇2)αu and −ηh(−∇2)αB, respec-
tively, where νh is hyperviscosity, and ηh is hyperre-
sistivity coefficients.
Runs I, II, IV, and V (see Table II below) are
driven by ABC forcing, which is helical:
f ≡ [A sin(kfz) + C cos(kfy)]ex + [B sin(kfx)
+A cos(kfz)]ey + [C sin(kfy) +B cos(kfx)]ez,
(A-1)
where A = B = C = 0.25, kf is forcing wavenum-
ber, ex, ey, and ez are unit vectors in x, y, and z,
respectively. Taylor-Green (TG) forcing, which is
non-helical, is used to drive the flow in Run III:
f ≡f0[sin(kfx) cos(kfy) cos(kfz)ex
− cos(kfx) sin(kfy) cos(kfz)ey],
(A-2)
where the force amplitude f0 = 0.25. The simula-
tion parameters are shown in Table II below, where
subscripts a, b, c, and d (e.g. Run Va vs. Run Vb
vs. Run Vc vs. Run Vd) denote simulations using
the same parameters but at different grid resolution
(or Reynolds number).
In the main Letter, we present results only at the
highest resolution from Runs I-V. Here, we provide
results at all resolutions from Runs I-V.
Figures 3 - 6 show plots of 〈Π`〉, 〈Πu` 〉, 〈Π
b
`〉, and
〈SijBiBj〉, respectively. Each Figure shows plots at
different resolutions, indicating convergence of our
results. The conversion range extent, L  ` > `s,
does not keep increasing with resolution, but the
the decoupled range, `s > `  `d, does. Moreover,
〈Πu` 〉 ≈ 〈Π
b
`〉 over the decoupled range.
Figure 7 shows the relative residual conversion
Rub(k)/Cubd
= 〈B`d ·S`d ·B`d −B`·S`·B`〉/〈B`d ·S`d ·B`d〉
from different Runs Ic, IIIc, and IVc. See Fig. 1
in the manuscript for Runs IIc and Vd. The refer-
ence line with slope of -2/3 (black dashed line) is
added, suggesting that KE-to-ME conversion satu-
rates in a manner consistent with scale-locality [6].
Summarizing (non-formally) the scale-locality anal-
ysis of [6]: the contribution to the strain S` or cur-
rent J` in the energy flux Π` (or Π
u
` and Π
b
` sepa-
rately) across scale ` from larger scales L > ` falls
off as (`/L)1−σ, where σ is the scaling exponent of
increments. Therefore, if σ = 1/3 as in Goldreich-
Sridhar’s theory [3] (and Kolmogorov’s 1941 theory)
or if σ = 1/4 as in Boldyrev’s theory [4], the decay
will be at least as fast as (`/L)2/3 or (`/L)3/4, re-
spectively. Moreover, the scaling (`/L)1−σ does not
account for possible decorrelation effects, which can
lead to even more rapid decay (see Fig. 1 and the
associated discussion in [56, 57]). Therefore, the de-
cay rate is at least (`/L)1−σ according to the formal
analysis. Faster decay rates may arise due to decor-
relation effects, but these cannot be guaranteed by
the rigorous derivations in [6, 7].
Figure 8 shows the generalized “filtering spec-
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TABLE II. Simulations parameters: Prm is magnetic Prandtl number. Bmaxk =
√
maxk[Eb(k)] is at the magnetic spectrum’s
[Eb(k)] peak. ABC (helical) and TG (non-helical) forcing were applied at wavenumber kf .
Run Grid Forcing kf Prm |B0|/Bmaxk νh ηh
Ia 256
3 ABC 2 1 0 5× 10−16 5× 10−16
Ib 512
3 ABC 2 1 0 2× 10−21 2× 10−21
Ic 1,024
3 ABC 2 1 0 4× 10−25 4× 10−25
IIa 256
3 ABC 2 1 10 5× 10−16 5× 10−16
IIb 512
3 ABC 2 1 10 2× 10−21 2× 10−21
IIc 1,024
3 ABC 2 1 10 4× 10−25 4× 10−25
IIIa 256
3 TG 1 1 0 5× 10−16 5× 10−16
IIIb 512
3 TG 1 1 0 2× 10−21 2× 10−21
IIIc 1,024
3 TG 1 1 0 4× 10−25 4× 10−25
IVa 256
3 ABC 1 2 0 2× 10−16 1× 10−16
IVb 512
3 ABC 1 2 0 4× 10−21 2× 10−21
IVc 1,024
3 ABC 1 2 0 4× 10−25 2× 10−25
Va 256
3 ABC 2 1 2 5× 10−16 5× 10−16
Vb 512
3 ABC 2 1 2 2× 10−21 2× 10−21
Vc 1,024
3 ABC 2 1 2 4× 10−25 4× 10−25
Vd 2,048
3 ABC 2 1 2 1× 10−27 1× 10−27
trum” of conversion, defined as
C
ub
(k) ≡ d
dk
Cub(`), (A-3)
where k` = 2pi/`. The filtering spectrum was in-
troduced recently in [58] and is consistent with the
traditional Fourier spectrum for quadratic quanti-
ties such as energy [59]. One of its main advantages
lies in calculating spectra of non-quadratic quanti-
ties, such as B·S·B, in a manner consistent with
the chosen scale decomposition rather than having
to treat the quantities as quadratic. The conver-
sion spectrum seems to follow C
ub
(k) ∼ k−β with
β ≥ 5/3, consistent with the residual conversion de-
caying faster than k−2/3 in Fig. 7. Since β > 1, its
integral, which is the cumulative mean KE-to-ME
conversion at all scales > `, has to saturate (con-
verge) in the limit ` → `d → 0, consistent with the
saturation of 〈B`·S`·B`〉 observed in Fig. 6.
Figure 9 (similar to Fig. 2 in the main Letter)
shows how the decoupling between the mean ME and
KE budgets arises from decorrelation effects at small
scales. For an intermediate scale ` = 2pi/30 from
Run Ic in the absence of a uniform background B0
field, Fig. 9 shows how magnetic field-line stretch-
ing, which is concentrated in magnetic filaments, is
an order of magnitude more intense at scales smaller
than ` = 2pi/30 compared to larger scales. Yet,
the small-scale contribution fluctuates vigorously in
sign, yielding a mere 10% to the space average.
Figure 10 shows KE, ME, and total energy spec-
tra from Runs I to V at the highest resolution in
this study. The scale at which the mean KE and
ME budgets decouple (scale at which 〈Πu〉 and 〈Πb〉
reach equipartition) is 30 . ks . 100 (Fig. 1 in
Letter). However, Eu(k) and Eb(k) do not reach
equipartition anywhere within the inertial-inductive
range, as is well-known. Note that the wavenum-
ber kcrs at which the spectra cross, Eu(k) = Eb(k),
is within 2 ≤ kcrs ≤ 4 in all five simulations and
does not show a correlation with ks. We have
also compared the cumulative spectra, Eu,b(K) ≡∑k=K
k=0 Eu,b(k) in Fig. 11 and found no correlation
between the wavenumber at which they cross and
that of decoupling.
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FIG. 3. Plots showing convergence of 〈Π`〉 = 〈Πu` + Πb`〉 by increasing resolution from 2563 (solid line) to 5123 (dashed line) to
1,0243 (dot dashed line) to 2,0483 (dotted line, only applicable to Run V).
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FIG. 4. Plots showing convergence of 〈Πu` 〉 by increasing resolution from 2563 (solid line) to 5123 (dashed line) to 1,0243 (dot
dashed line) to 2,0483 (dotted line, only applicable to Run V).
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FIG. 5. Plots showing convergence of 〈Πb`〉 by increasing resolution from 2563 (solid line) to 5123 (dashed line) to 1,0243 (dot
dashed line) to 2,0483 (dotted line, only applicable to Run V).
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FIG. 6. Plots showing convergence of 〈SijBiBj〉 (blue lines) by increasing resolution from 2563 (solid line) to 5123 (dashed
line) to 1,0243 (dot dashed line) to 2,0483 (dotted line, only applicable to Run V).
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FIG. 7. Plots of the relative residual conversion Rub(k)/Cubd = 〈B`d ·S`d ·B`d −B`·S`·B`〉/〈B`d ·S`d ·B`d 〉 at the highest
resolution from different Runs (see also Fig. 1 in the manuscript). The reference line with slope of -2/3 (black dashed line) is
added, suggesting that KE-to-ME conversion saturates in a manner consistent with scale-locality [6].
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FIG. 8. Plots of C
ub
(k), the generalized filtering spectrum of 〈SijBiBj〉 defined in Eq. (A-3) above. The reference line (black
dashed line) has a slope of -5/3. The five panels show C
ub
(k) from each Run at different resolutions. In all cases, the
conversion spectrum decays faster than k−5/3, consistent with the residual conversion decaying faster than k−2/3 in Fig. 7.
Any decay faster than k−1 within the inertial-inductive range is sufficient for the saturation of 〈B`·S`·B`〉 observed in Fig. 6.
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FIG. 9. For scale ` = 2pi/30 (k = 30) from Run Ic at one instant in time (see Fig. 1 in the Letter or Fig. 6 above): top two
panels show a 2D slice from the 3D domain of pointwise conversion at large scales, B`·S`·B`(x) (top left), and small scales,
B`d ·S`d ·B`d (x)−B`·S`·B`(x) (top right). Bottom two panels show probability density function of conversion as a function
of x at large scales (bottom left) and small scales (bottom right). The large-scale distribution has mean of 0.46 and variance
of 18.63. The small-scale distribution has mean of 0.05 and variance of 513.05. Quantities are normalized by energy injection
rate inj. Unnormalized Gaussians (green dashed lines) are added to both plots.
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FIG. 10. Kinetic, magnetic, and total energy spectra, Eu, Eb, and Etot, respectively. We show two reference lines with slopes
-3/2 (black dashed line) and -5/3 (blue dashed line). We don’t observe an obvious correlation between the wavenumber at
which Eu and Eb cross and that of decoupling.
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FIG. 11. Cumulative kinetic, magnetic, and total energy spectra, Eu,b,tot(K) =
∑k=K
k=0 Eu,b,tot(k), which quantify energy at
all wavenumbers ≤ K. We don’t observe an obvious correlation between the wavenumber at which Eu and Eb cross and that of
decoupling.
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Non-colliding waves
The role of waves is further illustrated via two
simulations of non-colliding Alfve´n waves, (i) a spa-
tially localized Alfve´n wavepacket (ii) a monochro-
matic (single mode) Alfve´n wave. The main pur-
pose is pedagogical: these well-known examples help
demonstrate the behavior of 〈B`·S`·B`〉 as a func-
tion of `. In these simple solutions, the nonlinearity
is identically zero and different modes cannot ex-
change energy. Energy is only converted between
KE and ME forms at the same k. Note that this
is an unsteady unforced problem to which our eqs.
(7)-(10) in the Letter do not apply.
Simulation Details
The wavepacket simulation is solved in a 2563
periodic box T3 = [0, 2pi)3 with an external mag-
netic field |B0| = 10 in the z direction and with
νh = ηh = 5 × 10−10. The simulation is initialized
within a spatially localized region (in all three di-
rections). Fig. 12 shows a 2D slice. This results in
two counter-propagating wavepackets. We restrict
our analysis to times before the two packets collide.
The monochromatic wave simulation is solved in
a 1283 periodic box T3 = [0, 2pi)3 with an external
magnetic field |B0| = 10 in the z direction and with
νh = ηh = 5 × 10−10. The velocity is initialized in
Fourier space:
uˆx(k) =
{
1, if k = (kx, ky, kz) = (0, 0,±8).
0, otherwise.
(A-4)
uˆy(k) = uˆz(k) = 0. (A-5)
This generates a sinusoidal wave at scale ` = 2pi/8
(k = 8) that is uniform in the x − y directions and
propagates in z.
Wavepacket
Fig. 13 shows the time series of total energy et,
kinetic energy eu, and magnetic energy eb. In Fig.
14, we analyze the coarse-grained energy budget and
plot the energy spectra at three different times τ1,
τ2, and τ3 labeled in Fig. 13. Figure 14 shows the
energy cascade terms and conversion at these three
times. The cascade terms 〈Πu` 〉 = 〈Π
b
`〉 = 〈Π`〉 = 0
at all scales and for all times, as expected.
From the spectra in Fig 14, we see that most of
the energy lies in the range k ∈ [2, 8]. The nonlin-
earity in this flow is identically zero and different
modes cannot exchange energy. Energy is only con-
verted between KE and ME forms at the same k.
At τ1, when eb is increasing and eu is decreasing,
we see that mean KE-to-ME conversion Cub(`) ≥ 0,
increasing over the range k ∈ [2, 8], within the same
band of scales populated by the wavepacket. Simi-
larly, at time τ3, when eb is decreasing and eu is in-
creasing, Cub(`) ≤ 0, decreasing over the same range
k ∈ [2, 8]. At time τ2, when ∂teb = ∂teu = 0, we
have Cub(`) = 0 at all scales.
Monochromatic Wave
Fig. 13 shows the time series of total energy
et, kinetic energy eu, and magnetic energy eb for
the monochromatic wave. We analyze the coarse-
grained energy budget at four different times τ1, τ2,
τ3, and τ4 labeled in Fig. 13.
Figure 15 shows the cascade terms 〈Πu` 〉 = 〈Π
b
`〉 =
〈Π`〉 = 0 at all scales and for all times, as expected.
At τ2, when eb is increasing and eu is decreasing,
Cub(`) shows a discontinuous jump from zero to a
positive value at k = 8, the wave’s wavenumber.
Similarly, at time τ3 when eb is decreasing and eu is
increasing, Cub(`) shows a discontinuous jump from
zero to a negative value at k = 8. At times τ1 and
τ3, when ∂teb = ∂teu = 0, we have Cub(`) = 0 at all
scales.
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